Wake potential expansion using Gaussian basis functions by Meincke, O
EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH
CERN SL/97-08 (AP)




A method is described to decompose arbitrary bunch distributions
into a set of Gaussian basis functions. This expansion makes it pos-
sible to reconstruct the wake potentials generated by the bunch in its
vacuum chamber environment. It is shown that the triangular-shaped
basis functions which have been used so far lead to substantial prob-
lems in the wake potential representation. The accuracies achieved
with Gaussian and triangular basis functions are compared. The re-
sults show that Gaussian basis functions are more suitable to model




Computer simulations of collective eects require information about the wake
potentials generated by the beam in the vacuum chamber environment. These
wake potentials depend on the longitudinal charge distribution of the beam which
again is aected by the wake potentials. In general, a self-consistent solution for
this problem cannot be found so that in most cases neither the charge distribution
nor the wake potentials can be predicted. Therefore, they have to be modelled
in a suitable way.
To obtain the wake potentials of an arbitrary charge distribution one decom-
poses the distribution into a set of basis functions whose wake potentials are
known. From that, the eective wake potentials are constructed by superpos-
ing the individual wake potentials of the basis functions, scaled by appropriate
weighting coecients. The wake potentials of the basis functions can be cal-
culated with mesh codes, like ABCI [1], which solve the Maxwell equations in
time-domain. In the multi-particle tracking program TRISIM [2], for example,
triangular-shaped basis functions are used.
Despite their numerous advantages, triangular-shaped basis functions can
cause substantial problems which can be traced back to the discontinuities in
their rst derivative [2]: the spectrum of a triangular distribution extends to
much higher frequencies than that of a smooth distribution of similar length.
Structures with small cross-section variations along the beam pipe, like bellows
and tapers, have strong high frequency components in their impedances. The
wake potential calculations in these cases require very small mesh sizes in order
to describe properly the higher order modes excited by the triangular distribu-
tion. This calls for an unreasonably large amount of computer resources (CPU
time, memory).
As shown in this report, the diculties coming from the triangular-shaped
functions can be avoided by choosing a set of Gaussian basis functions instead.
The advantages of Gaussian basis functions are that
 there are no discontinuities in the derivatives so that they do not contain
such high frequency components like the triangular basis functions.
 all existing mesh codes use Gaussian distributions as a driving source so
that no changes in the computer code are necessary in order to compute a
new bunch shape.
On the other hand, the reconstruction of the original distribution is more
complicated. It should be clearly pointed out that the real benet of the Gaussian
basis functions is not a better accuracy of the reconstructed bunch distribution
but the less demanding wake potential computations of the basis functions. This
will become apparent in section 3.2.
Before comparing the results obtained with Gaussian and triangular-shaped
basis functions, a brief description of the algorithm which is used to construct
2
the longitudinal charge density and the transverse dipole moment of the beam,
is given.
2 Expansion of the Charge Distribution
The method which is used to calculate the coecients of the basis functions
has been suggested by J. S. Berg and G. Sabbi. Here, we apply the algorithm
described in [2] to a set of Gaussian basis functions.
In simulation programs, the bunch is usually modelled by a relatively small
number of macro-particles, each representing in the order of 10
8
real particles.
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 The Gaussian basis functions with rms 
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for jzj  5
0
: (1)
Outside this interval, g(z)  0.
 The longitudinal charge density (z) and the transverse dipole moment d(z)



















 The macro-particle n with longitudinal coordinate z
(n)








































is its distance from the breakpoint b
i
. Thus, the
contribution to the coecient 
i
decreases linearly with increasing distance




At the values 5
0
, the Gaussian functions are suciently close to zero, so that the dis-
continuities at these points do not introduce any numerical problems in the wake potential
calculations. Extending the basis functions to larger values diminishes the step, and thus, im-
proves the accuracy, but it also increases the number of arithmetical operations required in the
algorithm which slows down the construction of the wake potentials.
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(z) are the longitudinal and transverse wake potentials
of the Gaussian basis function g(z), respectively.
The results of the following section are calculated for an interval width 
equal to the rms length of the Gaussian basis functions:  = 
0
, i.e., successive
basis functions are shifted by their rms length.
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3 Accuracy of the Method
3.1 Longitudinal Charge Density
We check how precisely the weighted superposition of the Gaussian basis functions
can reproduce the actual bunch distribution. For that purpose, we rst consider
a Gaussian reference bunch and calculate the deviation of the constructed distri-
bution from the original one. Fig. 1 shows the error (normalized by the maximum








are the rms bunch length and the rms length of the basis functions, respectively.
The Gaussian reference distribution has a rms 
b
= 10mm.
For a ratio r = 20 the constructed and original Gaussian distributions are
in very good agreement. The maximum error is about 0.1%. But already for
a ratio r = 10, the superposition represents the original distribution suciently
well with an error less than 0.6%. The error increases further for smaller ratios.
For r = 5, for example, it already reaches a few percents which might not be
accurate enough for some applications.
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In general, the interval width can be chosen independently from the rms length. Smaller
values of  tend to represent the original distribution more accurately. The comparison of the
results obtained for interval width  < 
0




























Figure 1: Normalized error of the constructed distribution with respect to the Gaussian





A more meaningful measure of the accuracy is the rms error of the constructed
distribution with respect to the original one. Table 1 summarizes the normalized
rms errors obtained with Gaussian and triangular-shaped basis functions.
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For a
fair comparison of the accuracies one should take into account that a Gaussian
function with rms 
0
corresponds to a triangular-shaped function with half base
length   2
0
. In this case the half width at half maximum of the triangular-
shaped function is just 
0
so that both basis functions have a similar characteristic
length. Taking this into consideration, one nds that the accuracy is about the






Gaussian 0.05 % 0.21 % 0.83 %
triangular 0.06 % 0.25 % 0.97 %
Table 1: Comparison of the normalized rms errors of the distributions created with Gaus-




. In the case of the triangular
basis functions 
0
is the half width at half maximum. The original Gaussian distribution
has a rms of 
b
= 10mm.
The wake potentials deform the bunch so that the charge distribution can
no longer be assumed to be purely Gaussian. This is true in particular near
the threshold of single bunch instabilities where the bunch distribution changes
rapidly with time. Hence, it is more relevant to see how precisely an arbitrary
bunch distribution can be represented by the method described above. To this
end, we consider the non-Gaussian distribution shown in Fig. 2a which resem-
bles the charge distribution near the threshold of longitudinal turbulence. The
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Figure 2: (a) Distorted bunch distribution, (b) Normalized errors obtained with Gaussian
basis functions with dierent rms length 
0
.
distribution occupies roughly the same longitudinal range as the Gaussian distri-
bution discussed above, where 10
b
= 10 cm. We compare the results obtained
with basis functions of rms length 
0
= 0:5; 1; and 2mm, respectively.
Fig. 2b shows the normalized errors of the Gaussian basis functions with
dierent 
0
. Table 2 gives the normalized rms errors obtained with Gaussian




(mm) 0.5 1 2
Gaussian 0.08 % 0.30 % 1.14 %
triangular 0.09 % 0.36 % 1.33 %
Table 2: Comparison of the normalized rms errors of the distributions created with
Gaussian and triangular basis functions of dierent length 
0
. The original distribution is
shown in Fig. 2a.
Since the simulation program uses macro-particles rather than a continuous
distribution to represent the actual bunch distribution, we nally consider a set of
macro-particles statistically distributed around a bi-Gaussian charge distribution.
Fig. 3 shows the macro-particle distribution and the distributions created with
triangular and Gaussian basis functions. The triangular basis functions have a




Comparing Fig. 3a and 3b, one nds that the two sets of basis functions give
nearly an identical description of the macro-particle distribution. The Gaussian
functions, however, have the advantage that they automatically create a smooth
distribution with no discontinuities in the derivative.

































1.0 (b) Gaussian basis functions
z (m)
Figure 3: Reconstruction of the charge density of a set of statistically distributed macro-
particles (shaded curve) using (a) triangular and (b) Gaussian basis functions. The dashed
curve shows the original bi-Gaussian charge density around which the macro-particles are
distributed.
particle distribution is not very appropriate to measure the accuracy since the
macro-particle distribution itself is an approximation of the original distribution.
Thus, a more precise representation of the macro-particle distribution does not
necessarily result in a better representation of the original distribution. Table 3
therefore compares the rms errors of the constructed distributions with respect
to the original bi-Gaussian one.

0
(mm) 0.5 1 2
Gaussian 3.46 % 2.47 % 1.86 %
triangular 3.36 % 2.45 % 1.85 %
Table 3: Normalized rms errors of the distributions created with Gaussian and triangular
basis functions with respect to the original distribution for dierent length 
0
.
The rms errors increase for smaller values of 
0
because the number of macro-
particles per interval gets reduced. Thus, the constructed distribution is more
aected by the uctuations in the macro-particle distribution which leads to
larger errors. If one keeps the number of macro-particles per interval constant,
this eect disappears.
So far we have seen that the charge distributions created with triangular
and Gaussian basis functions have almost the same accuracy with respect to
the original distributions. The correct reconstruction of the charge distribution,
however, is only of indirect interest. More important is the proper representation













Figure 4: Geometry of the tapered cavity structure used in the wake potential calculations
with ABCI.
3.2 Wake Potentials





which are needed to construct the wake potentials of the
bunch (cf. Eqs. (6) and (7)). We use the two continuous reference distributions
of the previous section, i.e., the Gaussian distribution and the distribution shown
in Fig. 2a, because their wake potentials can be computed with the mesh code
ABCI. Thus, we are able to compare the directly computed wake potentials of the
reference distributions with the constructed ones. The test structure for which
the wake potentials are computed, is the tapered cavity sketched in Fig. 4.
Fig. 5a and 5b show the longitudinal (m = 0) wake potential calculated with
ABCI for a triangular-shaped and a Gaussian basis function, respectively. In both
calculations, the same mesh sizes were used (z = 0:03mm and r = 0:5mm).
The half base length of the triangular-shaped function ( = 1mm) is twice the
rms length of the Gaussian (
0
= 0:5mm) so that the two basis functions have a
comparable eective length.
Fig. 5a indicates the problems encountered in the wake potential calculation
of triangular-shaped distributions. The longitudinal wake potential shows large
oscillations with a wave length of the order of the mesh size. These oscillations
start mainly after the triangular basis function has reached its maximum value.
At this point, the derivative of the triangular-shaped distribution has its largest
discontinuity. The oscillations become smaller for ner mesh sizes, but up to 200
longitudinal mesh lines per half base length  are necessary in order to
obtain smooth wake potentials. Such small mesh sizes require a disproportionate
amount of computer resources. In the case above, the computation would take
more than one month on an IBM RS6000 workstation in order to obtain wake
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potentials of the required length. The longitudinal wake potential of the Gaussian
basis function, on the other hand, does not show this behavior (see Fig. 5b).
The elementary wake potentials of the basis functions are now used to con-
struct the wake potentials of the reference distributions. Fig. 6 and 7 compare
the results obtained with triangular-shaped and Gaussian basis functions with
the wake potentials directly computed with ABCI.
The superpositions of the wake potentials of the triangular basis functions
shows large spikes which emerge at the vertex position of each shifted basis func-
tions (see Fig. 6a and 7a). Obviously, the wake potential at the peak of the
triangular-shaped distribution is overestimated which again manifests the di-











































Figure 5: Longitudinal wake potential generated in the test structure (see Fig. 4) by
(a) a triangular-shaped distribution with half base length  = 1mm, and (b) a Gaussian
distribution with rms length 
0
= 0:5mm, calculated with ABCI.
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with a mainly resistive impedance, like the tapers and bellows in LEP for short
bunches, this error becomes important. In this case, the peak value of the wake
potential which is then reached at the vertex position of the triangle is wrongly
calculated.
Although smaller mesh sizes reduce the oscillations in the wake potential of the
triangular basis function, they do not remove the spikes in the constructed wake
potential. In order to eliminate these "overshoots", the TRISIM program replaces









































(b) Gaussian basis functions
z (m)
Figure 6: (a) Comparison between the constructed and the reference wake potential. The
constructed wake potential has been obtained by superposition of the wake potentials of the
triangular basis functions with a half base length  = 1mm. The reference wake potential
was directly computed with ABCI for a Gaussian bunch with a rms length 
b
= 10mm




linear interpolation between the closest points [2]. This solution, however, seems
unsatisfactory because it presumes a correct representation of the wake potential
in close proximity to the erroneous value.
In contrast, Fig. 6b and 7b show the smooth wake potentials obtained with
the Gaussian basis functions. Neither of the serious diculties arising from the
triangular-shaped functions occur in the case of Gaussian basis function. The set
of Gaussian functions, therefore, is more suitable for the representation of wake
potentials.
The question remaining to be solved is the accuracy of the approximation by
Gaussian basis functions. Fig. 8 shows the dierences between the constructed
and the reference wake potentials for both the longitudinal and the transverse













































= 10mm, the non-Gaussian distribution in Fig. 8c and 8d occupies a
comparable longitudinal range as the Gaussian one, where 10
b
= 10 cm. Thus,
the number of basis functions used to reconstruct the reference wake potentials are
roughly the same in both cases. The error is shown for Gaussian basis functions
with dierent rms 
0
. The errors are normalized by the maximum absolute values
of the reference wake potentials. Table 4 summarizes the maximum absolute
values of these errors. For values 
0
<
 1mm, the error is less than 2% which
again gives a very good agreement.
As another test of the accuracy we consider the loss factors of the bunch in
our test structure. To this end, we integrate the constructed wake potentials
over the constructed charge distributions and compare these approximate values
with the loss factors directly calculated with ABCI for the reference bunches.




























































































































Figure 8: Normalized error of the wake potentials constructed with Gaussian basis func-
tions with dierent rms 
0
: (a) longitudinal and (b) transverse for the Gaussian reference




. For rms length 
0
<
 1mm, the errors are less than 1:5% which is




(mm) 0.5 1 2 0.5 1 2
longitudinal 0.2 % 1.0 % 3.9 % 0.4 % 1.7 % 6.2 %
transverse 0.3 % 0.5 % 1.9 % 0.2 % 0.8 % 3.1 %
Table 4: Maximum absolute values of the normalized errors of the constructed lon-
gitudinal and transverse wake potentials for dierent rms length 
0
of the Gaussian basis
functions. The errors are given for the Gaussian reference distribution and the non-Gaussian




(mm) 0.5 1 2 0.5 1 2
longitudinal 0.30 % 1.4 % 5.2 % 0.23 % 1.5 % 5.7 %
transverse 0.06 % 0.4 % 1.6 % 0.07 % 0.3 % 1.5 %
Table 5: Relative errors of the longitudinal and transverse loss factors calculated with
Gaussian basis functions, with respect to the values obtained from the direct ABCI calcu-
lations for the reference distributions.
4 Summary
Compared with triangular basis functions, the Gaussian basis functions have sev-
eral advantages. Their wake potential calculations are less critical than those for
triangular-shaped functions. In the case of Gaussian functions, larger mesh sizes
are possible, by which the required computing time can be signicantly reduced.
The accuracy is about the same for both sets of basis functions. The Gaussian
functions, however, create smoother distributions, particularly in the case of a
discrete macro-particle distribution, which represent the real distributions cer-
tainly better than the uneven approximations obtained with the triangular basis
functions.
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